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Systems of differential equations which describe the sclective behavior of self-replicating macroiaolecules or species un-
der the constraint of constant organization are classified according to their coexistent and competitive behavior as well as
the cooperative ancd/or hypercyclic nature of the inter-species interactions. Two theorems are proved which relate the
possibilities for coexistence and competition among species to the presence or absence of hypercyclic linkages.

1. Introduction

We wish to classify and briefly analyze some sys-
tems of differential equations which have been used
to describe processes of selection among biological
macromolecules or species. We consider a system of
7 species X, X5 ... X,, whose time development is
governed by differential equations of the form

i=1,2,...,n. 1)

We assume that one may ignore the effects of any
spatial inhomogeneities.

For the systems of interest here, the term I is
proportional to the concentration of x;; the rate of
growth or decay of a population depends upon that
population level. We may thus write

i=1,2,..,n @)

X;=0x)x;,

We are also inierested in systems in which the total
population 3x; is fixed, e.g., by suitable fluxes into
and out of the system. Such systems are said to be
subject to a constraint of constant organization. If
@; takes the form

0;() = Aj(x) — &(x), 3

where
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o) = ¢ Zrx; () @
and
c=2Ix; o)

then substitution of eqgs. (2—5) in eq. (1) shows that
23%;=0 (6)

so that the total population is stationary, as desired,
at the value ¢ of eq. (5).

Equations of the above form were introduced by
Eigen [1] and have been extensively studied by
Eigen and Schuster [2] in conjunction with the
problem of self-organization of systems of self
replicative units. By choosing I';(x) to be of the form
of eq. (2) we restrict ourselves to systems without
mutation or, more generally, we consider the x; to
represent quasi-species [3,4] rather than individual
species.

2. Definitions

We define x; to have a cooperative, noncooperative,
or anticooperative effect on x; (at a given x) according
to whether 8A;/0x; is greater than, less than or equal
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to zero. A system may be defined to be noncoopera-
tive if there are no cooperative or anticooperative
effects present. Systems which are not noncoopera-
tive are defined to be cooperative, anticooperative or
mixed according to whether all non-zero dA;/dx; are
positive, all are negative, or some are positive and
some negative, respectively. Note that an individual
effect or a system may change its nature as the vector
x chenges.

Species x; which have only noncooperative effecis
on other species (aA,-/ax,- = O for all i +j) will be called
end species. Any species which has a cooperative or
anticooperative effect on itself (9A;/0x;  G) will be
said to be iiyperbolic. The hyperbolic interaction
may be either positive (aA]-/ ox; > 0) or negative
{0A;/ox; <0).

A system of equations will be said to be degenerate
if there exist i ¢ j such that

AX)= A =)
for all x € X,,, where we define the simplex X,, [2] as

2 ~

X, = x:_Z%xi=c,0<x-<c, '=1,2,...,)1}. D
':

All x of physical interest must lie in X,,.

We shall be particularly interested in the question
of how many species will survive in a given system as
t — oo_ In this connection, we define a system to be
competitive (at a given value of ¢) if it possesses a
stable fixed point at one or more of the vertices of
the simplex X, i.e., at apoint x; =¢, x; =0 forj +*4i
In such systems, at least some initial conditions
lead ultimately to the extinction of all but one of
the species.

A coexistent system is defined as one in which the
system of egs. {1—5) has a stable atiractor (fixed
point or limit cycle) lying in the interior of X,,. Such
systems allow for the long-term survival of all species,
Xj, X, ..., X, under at least some initial conditions.
A partially coexistent systern is one having a stable
attractor which lies on a hyperface, but not on a
vertex of S, (i.e., x; = O for at least one but not
more than 7z — 2 of the x;). In these systems, some
species will die out, but two or mcre can survive.

In many cases it is of interest to know how the
relative populations of species change when the total
population of the system is allowed to increase. We

define a pseudo-coexistent system as a coexistent
system in which one or more of the ratios x,-/x]- at
the stable attractor approaches infinity (or zero) as
¢ — <o If all x;/x; at the attractor remain finite and
nonzero as ¢ increases without bound, then the sys-
tem will be said to be totally coexistent. It is these
systems which are of greatest interest in discussing
the evolution of natural self-organization [2].

We note that a given system may be both com-
petitive and coexistent at a particular value of ¢,
the ultimate fate of the system depending then upon
the initial conditions.

A system will be said to be Aiypercyclic if there
exists a sequence of integers i;, 5, -, i, such that
{iy, i3, -, 33 ={1,2, ..., nn} and

__In —1 —=q. ®)

A system is partially hypercyclic if it contains a sub-
Set Xg , Xpp - Xp o 2<g<n-—1,such that k, # kg
if r¥* s and

3, =1 A,

1= Q. 9
axk1 j=1 a.x,‘j+l ( )

A sysiern which is neither hypercyclic nor partially
hypercyclic will be called non-fiypercyclic.

3. A theorem on coexistence

Eigen and Schuster [2] have shown that a specific
class of systems which they call catalytic chains are
pseudocoexistent, while a certain category of hyper-
cyclic systems which they designate hypercycles are
totally coexistent. We now wish to estabiish a some-
what more general result in the following Theorem:

Any non-degenerate systern which does not con-
tain hyperbolic species must be at least partially
hypercyclic if it is to be totally coexistent.

We first prove a lemma which is almost trivial when
considered in graphical terms.

Lemma: A non-hypercyclic system must contain at
least one species x; such that

BA]-/axi =0 forallj+i (10)

(MNon-hypercyclic systems must contain end species).
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FProof: By induction on 7. The lemma holds trivially
for n = 2. Suppose that it is true for 7 = NV, and
assume that a nonhypercyclic system exists with

n =N+ 1, and no x; which obeys eq. (10), i.e., for
every x;, there exists some j % 7 such that

aAfox; # 0. an

Consider now the set Ry = {x;: 1 <<i <NV}, which
by assumption is an A-membered non-hypercyclic
system. It therefore contains by the inductive
hypothesis at least one x4 with the property that

dA;/x, =0 foralij*q,1<j<N a2
We divide Ry into two subsets:
R; = {xq €ERy: aAj/axq =0

forallj=q, 1 <j<<N}, (13)

T, =Ry — R;. : (14)

Since our assumption requires that every x, have a
non-zero effect on some A; (eq- 11), eq. (13) implies
that

OAps1/0x5 F0
Eq. (15) in turn implies that
OAG/oxp =0 forallx; €ER; (16)

for all x, €R;. as)

because otherwise the subset {xq, Xp7411 would ful-
fill the conditions of eq. (9) and be hypercyclic.

If the set T} is empty, then the lemma is proven,
because xp,; is the x; of eq. (10). If not, we divide
T, into two subsets:

R2 = {xq (S Tl Zaqulan =0

for some Xjq €ER: 1. a7n

Again, our assumption requires that
aAanxN.,.] =0 foradllx; €R, a9)

since otherwise {xq, Xigr Xp41} would form a hyper-
cyclic subsystem.

Again, if T is empty we have proven the lemma.
If not we further divide T, into Ry and T5,0rin
general, we divide 7, into

R, = {xq eT,, :aAq/axq +0

for some Xiq €R,, 1, (20)

Tms1 =T — Rppuy- 21)

The arguments used above imply that
aAq/axN_,.l =0 forall Xg €ER,ug- 22)

R,,,+1 cannot be empty so long as 7, is non-
empty, since by the assumption each Xq in 7, must
interact with some x; and by construction this x;
cannot be either xp;,; or a member of any of the R;
for i<<m — 1. Since by the inductive hypothesis
there must be at least one xgin T, which does not
interact with any x; in T,,, that x, must interact with
amember of R,,,, and hence R,,,,; cannot be empty.
Clearly then, since R had only N members, T, .,
must be an empty set for some m << /V, and the lemma

is proven because

aA]-/axN_,_] =0 forall x; ERy.

Having established the lemma, we now complete
the proof of the theorem by showing that in any
n-membered system which is not at least partially
hypercyclic, there must exist at least one pair of
species x;, x; such that xi/x]- — oo for any fixed point
of the system as ¢ = o=.

According to eqgs. (2—5), any fixed point y of the
system is characterized by the equations .

NG)—o0)y;=0 i=1,2,...n, 23)
Zri=e 49

where ¢(p) is given by eq. (4).

Total coexistence requires a fixed point y in the
interior of §,,, i.e., a fixed point such that y;+ 0 for
1 <i< n For such a point, egs. (23) and (4) can be
replaced by the 7 — 1 independent (so long as the
system is nen-degenerate) equations

NO)=N ) i=2,3,..,n 25)

Egs. (25) plus eq. (24) then constitute » independent
equations in the » unknowns ¥4, ¥5, ..., ¥,, and their
solutions, if any, in the interior of X,, correspond to
possible stable coexistent states or possible centers of
stable coexistent limit cycles.
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If the system under consideration is not at least
pseudohypercyclic, then we can according to the
lemma, define a non-empty set X:

K= {i:an;/ox;=0forallj=i, 1 <j<n}, (26)

If K includes the entire set {1, 2, ..., 7} then the sys-
tem consists of independent competitors and, as shown
elsewhere [5], its only stable asymptotic solutions

lie at the vertices of the simplex S,,. If X is a proper
subset, then define

K=1{1,2,.,n}- K. @nN

By the definition of K, eq. (26), and the absence
of hyperbolic species, the A; can depend only on the
x; for which i € K. Suppose that K has m members,

1 <m <7 — 1. Then we can choose 7z of the equa-
tions (25) which involve all the 7 in K. These are now
m independent equations for the m y; such that

i€ X, and these equations determine those y; in-
dependent of c. Let 7= Z;c g y;. Then by virtue of

eq. (29)

Z) =c—r, 28
ek Yi~ ( )
and at least one y; € K must equal or exceed (c—7)/
(72 — m2) for all values of ¢. Since forj €K, yjisin-
dependent of ¢, given any M we can always choose

a c¢ large enough so that for some i € X and any

JEK,

Yilv; = (e — re — my>M, (29)

which implies that the system cannot be totally co-
existent, completing the proof of the theorem.

4. A theorem on competition

Having established a connection between hyper-
cyclic and totally coexistent systems, we now con-
sider one aspect of the relation between competitive
and hypercyclic interactions in the following
Theorem:

Let S be a hypercyclic system with no positive
hyperbolic interactions, which contains a sequence
Xi)» Xigs -on X GS in €. {8) with the additional
property Ihat all the interactions have a positive
lower bound, i.e.

3A;, [ox; >g; >0, (30a)

/'&,-,./E)xii_H =gy, >0 j=1,2,..,n—1, (30b)
Jor all x. Then there exists a critical value cqy such that
Jor ¢ > ¢, Sis not competitive.

Proof: Let z; be the point at which x; = ¢ and all
other x; = 0. From egs. (2—5) it is clear that all 7 of
the z; are fixed points of the system for all values of ¢

From egs. (2—5) we obtain the jacobian matrix

of the system, which has elements

Aij = a.ii/ax- = (Sii(A- — é)

+x; (%%_ (A +Exk ke 3 ) 31

where &;; is ihe Kronecker delia.
At the point z;, A;; takes the form
Ay =8;5(AiCr) — ApGr)} — 85 A (2 )- 32)

The eigenvalues of thi; matrix are just

AD = A;(z) — Apzr) fori=*k, (33a)
AB) = AL (33b)

For z;, to be a stable fixed point, all the 7\{,’) must
have negative real parts. 8 is competitive if any of
the z;. is stable. We have therefore established the
following Lemma:

The systemn S is competitive if and only if for at
least one k, I <k <n,

Ap(z;)>0 (342)

and

Ap(Zp)> Afzy) foris=k (34b)
We now let

Ajg = A(0), 33)

where 0 is the point with all components zero. Con-
sider the point i where the sequence { -} is that of
eg. (30). Since there are no positive hyperbohc
species, it must be true that

Aj ("' ) 1]0 (36)
By virtue of egs. (30), it must also be true that
Ay @) 3 Ay 0 ey G7)
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where if j = 1 we replacej — 1 by # in eg. (37).
Therefore, if

c> (Aiio - Aii—i 0)/3,']- =¢, (38)
then the point Zij is not stable. If we now choose
cg= inf (c;),

0 1si<n 7
then for any ¢ > ¢ all fixed points (z;,) must be un-
stable and the system cannot be competitive, thus
proving the theorem.

5. Discussion

The coexistence theorem constitutes a generalized
version of a result shown by Eigen and Schuster [2]
that nonhypercyclic systems with only linear terms
in the A; can be at most pseudocoexistent. These
authors then argue that total coexistence in physical-
1y reasonable cooperative systems requires hyper-
cyclic interaction. The present results place that
assertion in a somewhat more general context.

The set K defined in eq. (26) is the set of end
species, i.e., those which in the language of Eigen
and Schuster lie at the ends of catalytic chains. The
lemma shows that systems without hypercyclic sub-
systems must possess one or more end species. The
theorem is then proved by observing that as ¢ in-
creases the asymptotic populations of the non-end
species remain constant, while at least one end
species grows in population as ¢ grows. Thus as the
system increases its size, it must eventually be dominat-
ed by one or more end species.

We note that the restriction to non-hyperbolic
species may be relaxed to refer only to the end species.
Hyperbolic growth terms in the members of X will not
affect the arguments which led to eq. (29). More
specifically, it would appear that only negative
hyperbolic interactions (3A;/ox; < 0) for the end
species could lead to total coexistence, since positive
terms of this form should only serve to increase the
dominance of the end species at high c.

For example, a 2-species catalytic chain with
quadratic decay of the end species:

dx; /dr = (k} —d)xy,

(392)
(39b)

is cooperative, non-competitive and totally coexistent
for ¢ >k /k,. Epstein [6] has considered other
nonhypercyclic systems with negative hyperbolic
interactions and has shown several of them to be
totally coexistent even when the system is non-
cooperative. It thus appears that long term stable co-
existence of an entire array of self-reproducing species
during the growth of the system requires either
catalytic linkages which allow for a cyclic feedback
of information or a superlinear mechanism for limit-
ing the growth of any species at the end of a catalytic
chain.

The hypercycles discussed by Eigen and
Schuster [2] obey egs. (30) when they consist of
self-reproducing species (A; = k; + kjx;, k; > 0). The
conditions of the competition theorem can be re-
laxed somewhat to require egs. (30) to hold only
outside a given neighborhood of the origin. The result

>, %€,

obtained then applies to Eigen and Schuster’s “pure”

~ (k;= 0) hypercycles as well. Thus hypercycles, as well

as a more general class of hypercyclic systems, are in-
herently noncompetitive once the system reaches
a certain critical size.

The results of Eigen and Schuster [2] suggest that
while partially hypercyclic systems may in principle
allow for survival of all species according to our
theorem, in fact non-hypercyclic side chains should
eventually either die out or destroy the hypercyclic
subsystem. The approaches employed here are insuffi-
cient to prove this conjecture in general, but we feel
that it should hold for a rather wide range of systems.
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